The positive part of the quantized universal enveloping algebra of type
  A_n as a braided quantum group by Bautista, Cesar
ar
X
iv
:m
at
h/
98
03
07
0v
1 
 [m
ath
.Q
A]
  1
6 M
ar 
19
98
THE POSITIVE PART OF THE QUANTIZED UNIVERSAL
ENVELOPING ALGEBRA OF TYPE AnAS A BRAIDED
QUANTUM GROUP
CE´SAR BAUTISTA
Abstract. A generalized Hopf algebra structure for the positive (negative)
part of the Drinfeld-Jimbo quantum group of type Anis established without
make any use of the usual deformation of the abelian part of sln+1.
1. Introduction
The aim of this paper is to explain the bialgebra structure of the positive part
of the quantized universal enveloping algebra (Drinfeld-Jimbo quantum group) of
type Anusing the Lie algebra theory concepts.
Recently has been introduced a generalization of Lie algebras, the basic T -Lie
algebras [1]. Using the T -Lie algebra concept some new (we think) quantum groups
of type Ancan be constructed. Such quantum groups arise as universal enveloping
algebras of certain deformations as generalized Lie algebras of the Lie algebras form
by upper triangular matrices sl+n+1.
Let us explain, embedded in the positive (negative) parts Uq(sln+1) of the
Drinfeld-Jimbo quantum groups of type Anthere are some generalized Lie algebras
(sl+n+1)q called T -Lie algebras, [1]. Such T -Lie algebras satisfy not only a general-
ized antisymmetry and a generalized Jacobi identity, but an additional condition
called multiplicativity. Through these T -Lie algebras the Poincare´-Birkhoff-Witt
theorem for U±q (sln+1) can be explained.
The Poincare´-Birkhoff-Witt theorem is a general property for the universal en-
veloping algebras of adequate T -Lie algebras. In order to keep the proof of such
theorem closest to the classical one [2] a Gurevich’s condition of multiplicativity is
needed, [1], [4].
On the other hand, the next natural step in the study of (sl+n+1)q as a T -Lie
algebra is to give to its universal enveloping algebra a structure of Hopf algebra.
Now a structure as a generalized Hopf algebra (braided quantum group) of the
universal enveloping algebra U+q (sln+1) of (sl
+
n+1)q is presented. As a matter of fact,
U+q (sln+1) has the usual algebra structure: generators x1, . . . , xn and relations
xixj − xjxi = 0, if |i− j| > 1 (1.1)
xix
2
j − (q + q
−1)xixjxi + x
2
jxi = 0, if |i− j| = 1 (1.2)
but now the tensorial product U+q (sln+1) ⊗U
+
q (sln+1) has a non-standard algebra
structure: the multiplication is given by
(a⊗ b)(c⊗ d) = aσ(b ⊗ c)d
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where σ : U+q (sln+1) ⊗ U
+
q (sln+1) → U
+
q (sln+1) ⊗ U
+
q (sln+1) is not the usual
switch. This is so, because U+q (sln+1) has a coproduct given by
φ(xi) = xi ⊗ 1 + 1⊗ xi, i = 1, . . . , n.
We obtain a non-trivial deformation of the classical universal enveloping algebra
U(sl+n+1) without make any use of the usuals K
±
1 , . . .K
±
n (which they form a de-
formation of the abelian part of sln+1). Such developments leads to the following
question: are there any non-trivial deformation of Uq(sln+1) constructed without
the usuals K±1 , . . .K
±
n ? We do not have an answer yet.
2. Braids and Coproduct
Let k be a unitary commutative ring and q ∈ k∗. Denote with eij , 1 ≤ i, j ≤ n
canonical basis of gln the matrices n × n, with B the canonical basis of sl
+
n , and
with [, ] the usual bracket in gln. Define m = n(n + 1)/2 and cij,ab ∈ Z, 1 ≤ i <
j ≤ m, 1 ≤ a < b ≤ m such that [[eij , eji], eab] = cij,abeab. Put
eij < eab if i+ j < a+ b or (i + j = a+ b and j < b).
Let (sl+n+1)q be sl
+
n with structure of T -Lie algebra. This means: (sl
+
n+1)q is sl
+
n in
its structure of k-module, besides a bracket [, ]q such that
[eij , eab]q = [eij , eab], if eij ≤ eab,
a k-linear morphism S : (sl+n+1)q ⊗k (sl
+
n+1)q → (sl
+
n+1)q ⊗k (sl
+
n+1)q called
presymmetry such that
[, ]qS = −[, ]q
defined by
S(eij ⊗ eab) = q
cij,abeab ⊗ eij , if eij < eab
S(eij ⊗ eij) = eij ⊗ eij , S
2 = 1
and a k-linear morphism 〈, 〉 : (sl+n+1)q ⊗k (sl
+
n+1)q → (sl
+
n+1)q ⊗k (sl
+
n+1)q called
pseudobracket such that
[, ]q〈, 〉 = 0, 〈, 〉S = −〈, 〉,
in the case eij < eab defined by
〈eij , eab〉 =
{
(q − q−1)eaj ⊗ eib, if a < j < b and i < a < j,
0, otherwise.
The algebra (sl+n+1)q satisfies generalized Lie algebra axioms, see [1].
On the other hand, since [eij , eab] = δjkeil − δliekj where δ is the Kronecker
delta, we get
cij,ab = −δb,i + δb,j + δi,a − δj,a, ∀eij , eab ∈ B (2.1)
We shall define a new symmetry σ. Let σ : (sl+n+1)q ⊗k (sl
+
n+1)q → (sl
+
n+1)q ⊗k
(sl+n+1)q such that
σ(eij ⊗ eab) = q
cij,abeab ⊗ eij , ∀eij , eab ∈ B .
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Proposition 2.1. Let [, ]q be the bracket of (sl
+
n+1)q . The linear morphism σ
satisfies the multiplicativity conditions:
σ(1 ⊗ [, ]q) = ([, ]q ⊗ 1)σ23σ12, (2.2)
σ([, ]q ⊗ 1) = (1⊗ [, ]q)σ12σ23 (2.3)
Proof. The Jacobi identity in sl+n ensures that
[[eij , eji], [eab, euv]] = (cij,ab + cij,uv)[eab, euv]
this implies
σ(eij⊗[eab,euv ]q ) = q
cij,ab+cij,uv [eab, euv]q ⊗ eij
= ([, ]q ⊗ 1)σ23σ12(eij ⊗ eab ⊗ euv). (2.4)
In a similar way we obtain
σ([eij , eab]q ⊗ euv) = (1 ⊗ [, ]q)σ23σ12(eij ⊗ eab ⊗ euv)
Now we may extend σ to U+q (sln+1) . To do so, let us consider T as the
k-tensorial algebra of (sl+n+1)q . Define σ˜ : T ⊗ T → T ⊗k T by
σ˜(z1 . . . zn ⊗ y1 . . . ym) =
∏
i,j
pzi,yjy1 . . . ym ⊗ z1 . . . zm, ∀zi, yj ∈ B ,
where σ(zi ⊗ yj) = pzi,yjyj ⊗ zi, pzi,yj ∈ k.
In particular, the objects made by finite tensor products of one dimensional
spaces 〈x〉, x ∈ B form a braided tensor category with braiding σ˜, [6, Chapter 11]
and the proposition 2.1 says that the bracket [, ]q is compatible with the braiding
σ˜.
Lemma 2.2. Let 〈, 〉 be the pseudobracket of (sl+n+1)q and m the product of the
tensor algebra T . The linear morphism σ satisfies the multiplicativity conditions
σ˜(1⊗m〈, 〉) = (m〈, 〉 ⊗ 1)σ˜23σ˜12, (2.5)
σ˜(m〈, 〉 ⊗ 1) = (1⊗m〈, 〉)σ˜12σ˜23. (2.6)
Proof. Let eab, euv, eαβ be elements of B . We have to prove
σ˜(eab ⊗m〈euv, eαβ〉) = (m〈, 〉 ⊗ 1)σ˜23σ˜12, (2.7)
σ˜(m〈euv⊗eαβ ⊗ eab) = (1⊗m〈, 〉)σ˜12σ˜23(euv ⊗ eαβ ⊗ eab). (2.8)
The left side of (2.7) is
qcab,αv+cab,uβ (q − q−1)eαv ⊗ euv ⊗ eab
while the right side is
qcab,uv+cab,αβ 〈euv ⊗ eαβ〉 ⊗ eab
Since (2.1) we obtain cab,αv+cab,uβ = cab,uv+cab,αβ. We conclude that (2.7) holds.
And by similar calculations (2.8) holds too.
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Proposition 2.3. The linear morphism σ˜ can be extended to a linear morphism
σ : U+q (sln+1) ⊗k U
+
q (sln+1) → U
+
q (sln+1) ⊗k U
+
q (sln+1)
where U+q (sln+1) is the universal enveloping algebra of (sl
+
n+1)q , such that the
following diagram commutes,
U+q (sln+1) ⊗k U
+
q (sln+1)
σ
−−−−→ U+q (sln+1) ⊗k U
+
q (sln+1)x x
(sl+n+1)q ⊗k (sl
+
n+1)q
σ
−−−−→ (sl+n+1)q ⊗k (sl
+
n+1)q
besides the multiplicativity conditions
σ(1 ⊗m) = (m⊗ 1)(1⊗ σ)(σ ⊗ 1) (2.9)
σ(m⊗ 1) = (1⊗m)(σ ⊗ 1)(1⊗ σ) (2.10)
holds, where m denotes the multiplication on U+q (sln+1) .
Now we may apply some remarks from Durdevic´ [3]. Suppose that we are in the
conditions of the proposition 2.3. The tensorial product U(L)⊗ U(L) is a natural
U(L)-bimodule and we can define a multiplication over U(L)⊗ U(L) by
(a⊗ b)(c⊗ d) = aσ(b ⊗ c)d (2.11)
Corollary 2.4. U+q (sln+1) ⊗k U
+
q (sln+1) is an associative algebra with multipli-
cation defined by equation (2.11).
Proof. The multiplicativity conditions (2.9), (2.10) imply the associativity of (2.11),
[3]
In a similar way to the classical case define φ : (sl+n+1)q → U
+
q (sln+1) ⊗k
U+q (sln+1) by
φ(ei(i+1)) = ei(i+1) ⊗ 1 + 1⊗ ei(i+1), 1 ≤ i ≤ n. (2.12)
Theorem 2.5. The morphism defined by (2.12) can be extended to a morphism of
k-algebras
φ : U+q (sln+1) → U
+
q (sln+1) ⊗k U
+
q (sln+1)
Proof. The k-algebra U+q (sln+1) is generated by xi = ei(i+1), i = 1, . . . , n module
the relations
x2i xj − (q + q
−1)xixjxi + xjx
2
i = 0 if |i− j| = 1, (2.13)
xixj − xjxi = 0, if |i − j| > 1. (2.14)
We have to prove that φ preserves these relations. Let us put σ(xi⊗xj) = q
cijxj⊗xi,
1 ≤ i, j,≤ n.
φ(xi)
2φ(xj) =
x2i xj ⊗ 1 + x
2
i ⊗ xj + q
cijxixj ⊗ xi + xi ⊗ xixj + q
2+cijxixj ⊗ xi + q
2xi ⊗ xixj
+ q2cijxj ⊗ x
2
i + 1⊗ x
2
i xj
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while
φ(xj)φ(xi)
2 =
xjx
2
i ⊗ 1 + xjxi ⊗ xi + q
2xjxi ⊗ xi + xj ⊗ x
2
i + q
2cjix2i ⊗ xj + q
2+cjixi ⊗ xjxi
+ qcjixi ⊗ xjxi + 1⊗ xjx
2
i
and
φ(xi)φ(xj)φ(xi) =
xixjxi ⊗ 1 + xixj ⊗ xi + q
cijx2i ⊗ xj + xi ⊗ xjxi
+ qcij+2xjxi ⊗ xi + q
cijxj ⊗ x
2
i
+ qcij+2xi ⊗ xixj + 1⊗ xixjxi (2.15)
It follows
φ(xi)
2φ(xj) + φ(xj)φ(xi)
2 =
q−1(q + q−1)(x2i ⊗ xj) + (q
−1 + q)xi ⊗ xixj + (q + q
−1)xj ⊗ x
2
i
+ (q + q−1)xixjxi ⊗ 1 + 1⊗ (q + q
−1)xixjxi
= (q + q−1)φ(xi)φ(xj)φ(xi) (2.16)
We shall define the counit. This can be done following the classical case.
The commutative ring k is a basic T -Lie algebra in the obvious way and the zero
morphism 0 : (sl+n+1)q → k is a morphism ǫ = U(0) : U
+
q (sln+1) → U(k) ≃ k of
k-algebras.
Definition 2.6.
xi = ei(i+1), i = 1, . . . , n.
Proposition 2.7. Let C = {x1, . . . , xn}. Then
φ(xi1 ) . . . φ(xim ) = xim . . . xim ⊗ 1 +
∑
j
uj ⊗ vj = 1⊗ xi1 . . . xim +
∑
l
al ⊗ bl
where each uj , vj , al, bl is a non-empty product of basic elements in C. It follows
(1⊗ ǫ)φ(xi1 ) . . . φ(xim ) = xi1 . . . xim = (ǫ ⊗ 1)φ(xi1 ) . . . φ(xim ).
Since C is a generator set of U+q (sln+1) we get that ǫ is the counit for φ.
3. Antipode
Let L be (sl+n+1)q as a T -Lie algebra.
Definition 3.1.
1. The opposite T -Lie algebra Lop is defined as
[, ]op = [, ]qS, S
op = S, 〈, 〉op = σ−1〈, 〉
2. Let m be the product of U(L). The oppostive algebra U(L)op is defined as
U(L) itself in its k-module structure and product given by
mop = mσ.
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Proposition 3.2. Let L be (sl+n+1)q .
1. The k-algebra U(L)op is associative and Lop is a basic T -Lie algebra.
2. The map η : L→ L, x 7→ −x is a T -Lie algebra morphism.
3. There exist an isomorphism
U(Lop) ≃ U(L)op
of k-algebras.
Proposition 3.3. There exist a morphism
η : U(L)→ U(L)op
of k-algebras such that η(x) = −x, ∀x ∈ L.
Now. let us consider the quantum plane A
2|0
q defined by the ring
A
2|0
q = k〈x, y/〈yx− qxy〉
where k〈x, y〉 means an associative algebra freely generated by x, y.
For positive integers i ≤ n, we define the numbers(
m
i
)
q
by the equation in A
2|0
q = k〈x, y/〈yx− qxy〉,
(x+ y)m =
m∑
i=0
(
m
i
)
q
xm−iyi
Lemma 3.4.
m∑
i=0
(
m
i
)
q2
(−1)iqi(i−1) = 0 (3.1)
Proof. If m = 1 the equation (3.1) holds. Now, suppose (3.1). Then,
m+1∑
i=0
(
m+ 1
i
)
q2
(−1)iqi(i−1) =
(
m+ 1
0
)
q2
+
m∑
i=1
(
m
i
)
q2
(−1)iqi(i−1) +
(
m+ 1
m+ 1
)
q2
(−1)m+1q(m+1)m (3.2)
and because (
m+ 1
i
)
q
=
(
m
i− 1
)
q
+ qi
(
m
i
)
q
for 1 ≤ i ≤ m,
(see [5, p. 74]) then (3.2) is equal to
1 +
m∑
i=1
(
m
i− 1
)
(−1)iqi(i−1) +
m∑
i=1
(
m
i
)
q2
(−1)iqi
2+i + (−1)n+1q(n+1)n
= 1 +
m∑
j=0
(
m
j
)
q2
(−1)j+1q(j+1)j +
m∑
i=1
(
m
i
)
q[2]
(−1)iqi(i+1) + (−1)n+1qn(n+1)
= 0
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Lemma 3.5. If ι : U(L)op → U(L) is the natural k-module morphism then
1.
φ(xj)
m =
m∑
i=0
(
m
i
)
q2
xm−ij ⊗ x
i
j , 1 ≤ j ≤ n
2.
(xn1−i1j1 ⊗ x
i1
j1
)(xn2−i2j2 ⊗ x
i2
j2
) . . . (xnu−iuju ⊗ x
iu
ju
) =
q
∑
a<b
cjajb ia(nja−ib)xn1−i1j1 x
n2−i2
j2
. . . xnu−iuju ⊗ x
i1
j1
xi2j2 . . . x
iu
ju
3.
(1⊗ η)(xn1−i1j1 x
n2−i2
j2
. . . xnu−iuju ⊗ x
i1
j1
xi2j2 . . . x
iu
ju
) =
q
∑
a<b
cjajb iaibxn1−i1j1 x
n2−i2
j2
. . . xnu−iuju ⊗ ιη(x
iu
ju
) . . . ιη(xi1j1 )
4. For j = 1, . . . , n,
η(xij) = (−1)
iqi(i−1)(ιxj)
i.
5. Denote with m the product of U+q (sln+1) . Then
m(1⊗ η)φ(xi1j1 . . . x
iu
ju
) = 0, 1 ≤ j1, . . . , ju ≤ n.
if n1, . . . , nu are all positive integers.
Proof. By straightforward computations. By example, if c =
∑
a<b cjajbia(nja−ib)
then
m(1⊗ η)φ(xi1j1 . . . x
iu
ju
) = m(1 ⊗ η)φ(xj1 )
n1 . . . φ(xju )
nu =
n1,... ,nu∑
i1,...iu=0
(
n1
i1
)
q2
. . .
(
nu
iu
)
q2
qcm(xn1−i1j1 . . . )x
nu−iu
ju
⊗ η(xiuju . . . x
i1
j1
)
=
n1,... ,nu∑
i1,...iu=0
(
n1
i1
)
q2
. . .
(
nu
iu
)
q2
q
∑
a<b
cjajb ianjbxn1−i1j1 . . . x
nu−iu
ju
ιη(xiuju ) . . . ιη(x
i1
j1
)
=
n1,... ,nu−1∑
i1,...iu−1=0
(
n1
i1
)
q2
. . .
(
nu
iu
)
q2
q
∑
a<b
cjajb ianjbxn1−i1j1 . . . x
nu−1−iu−1
ju−1
nu∑
iu=0
(
nu
iu
)
q2
(−1)iuqiu(iu−1)ιxnuju ιη(x
iu−1
ju−1
) . . . ιη(xi1j1 ) = 0 (3.3)
Proposition 3.6. Let ι : U(L)op → U(L) the natural k-morphism. Then, the
k-module morphism
κ = ιη : U(L)→ U(L)
is the antipode for the coproduct φ.
Proof.
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4. The additional condition of the braided quantum group definition
Lemma 4.1. If
(σ ⊗ 1)(1⊗ σ)(φ ⊗ 1) = (1⊗ φ)σ; (4.1)
(1 ⊗ σ)(σ ⊗ 1)(1⊗ φ) = (φ⊗ 1)σ. (4.2)
then
(σ ⊗ 12)(1⊗ φ⊗ 1)(σ−1 ⊗ 1)(1⊗ φ) = (12 ⊗ σ)(1⊗ φ⊗ 1)(1⊗ σ−1)(φ ⊗ 1) (4.3)
Proof.
(σ ⊗ 12)(1⊗ φ⊗ 1)(σ−1 ⊗ 1)(1⊗ φ) = ( (σ ⊗ 1)(1⊗ φ) ⊗ 1 )(σ−1 ⊗ 1)(1⊗ φ)
= ( (1⊗ σ−1)(φ ⊗ 1)σ ⊗ 1 )(σ−1 ⊗ 1)(1⊗ φ)
= (1⊗ σ−1 ⊗ 1)(φ⊗ φ),
on the other hand,
(12 ⊗ σ)(1⊗ φ⊗ 1)(1⊗ σ−1)(φ ⊗ 1) = ( 1⊗ (1⊗ σ)(φ ⊗ 1) )(1 ⊗ σ−1)(φ ⊗ 1)
= ( 1⊗ (σ−1 ⊗ 1)(1 ⊗ φ)σ )(1⊗ σ−1)(φ⊗ 1)
= (1⊗ σ−1 ⊗ 1)(φ⊗ φ).
We conclude that (4.3) holds.
Proposition 4.2. The following equations holds,
(σ ⊗ 1)(1⊗ σ)(φ ⊗ 1) = (1⊗ φ)σ (4.4)
(1⊗ σ)(σ ⊗ 1)(1⊗ φ) = (φ⊗ 1)σ. (4.5)
Proof. Suppose that xj[1], . . . , xju and xk1 , . . . , xkv are elements of {x1, . . . , xn}.
Put xJ = x
n1
j1
. . . xnuju , xK = x
m1
k1
. . . xmvkv . Then
(φ⊗ 1)(xJ ⊗ xK) =
∑
i1=0,...iu=0
(
n1
i1
)
q2
. . .
(
nu
iu
)
q2
q
∑
a<b cjajb ia(njb−ib)
xn1−i1j1 . . . x
nu−iu
ju
⊗ xi1j1 . . . x
iu
ju
⊗ xm1k1 . . . x
mv
kv
(4.6)
it follows,
(1⊗ σ)(φ ⊗ 1)(xJ ⊗ xK) =
∑
i1=0,...iu=0
(
n1
i1
)
q2
. . .
(
nu
iu
)
q2
q
∑
a<b cjajb ia(njb−ib)
q
∑
a,b
cjakb iambxn1−i1j1 . . . x
nu−iu
ju
⊗ xm1k1 . . . x
mv
kv
⊗ xi1j1 . . . x
iu
ju
and
(σ ⊗ 1)(1⊗ σ)(φ ⊗ 1)(xJ ⊗ xK) =∑
i1=0,...iu=0
(
n1
i1
)
q2
. . .
(
nu
iu
)
q2
q
∑
a<b
cjajb ia(njb−ib)q
∑
a,b
(cjakb iamb+cjakb (na−ia)mb)
xm1k1 . . . x
mv
kv
⊗ xi1j1 . . . x
iu
ju
⊗ xn1−i1j1 . . . x
nu−iu
ju
= q
∑
a,b
cjakbnambxm1k1 . . . x
mv
kv
⊗ φ(xn1j1 ) . . . φ(x
nu
ju
)
= (1⊗ φ)σ(xJ ⊗ xK)
By similar calculations (4.5) hold too.
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Suppose that A,B are k-algebras (non-associative, perhaps), and β : A⊗k B →
B ⊗k A a k-morphism. Moreover, denote with A ⊗β B to A ⊗k B in its k-module
structure and product given by
(a⊗ b)(c⊗ d) = aβ(b⊗ c)d
Theorem 4.3. The algebra U+q (sln+1) is a braided quantum group with
1. coproduct:
φ : U+q (sln+1) → U
+
q (sln+1) ⊗σ U
+
q (sln+1)
induced by φ(xi) = xi ⊗ 1 + 1⊗ xi, i = 1, . . . , n;
2. counit:
ǫ : U+q (sln+1) → k
induced by ǫ(x) = 0, ∀x ∈ (sl+n+1)q ;
3. antipode:
η : U+q (sln+1) → U
+
q (sln+1)
induced by η(x) = −x, ∀x ∈ (sl+n+1)q .
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